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Anisotropy of microwave conductivity of YBa2Cu3O7−x in superconducting and
normal states: Crossover 3D − 2D
M.R. Trunin, Yu.A. Nefyodov
Institute of Solid State Physics of RAS, 142432 Chernogolovka, Moscow region, Russia
Imaginary part of the microwave conductivity σ′′(T < Tc) and the resistivity ρ(T ) = 1/σ(T > Tc)
along (σ′′ab and ρab) and perpendicular to (σ
′′
c and ρc) cuprate ab-planes of YBa2Cu3O7−x crystal
were measured in the temperature range 5 ≤ T ≤ 200 K, having varied the oxygen doping level
x in the crystal from 0.07 to 0.47. The superconducting state was found to have the dependences
σ′′ab(T )/σ
′′
ab(0) and σ
′′
c (T )/σ
′′
c (0) coincide in the optimally doped (x = 0.07) crystal. With the
increase of x the dependences σ′′c (T )/σ
′′
c (0) have smaller slope at T < Tc/3 with σ
′′
ab(T )/σ
′′
ab(0)
changing slightly. The ab-plane transport in the normal state of YBa2Cu3O7−x crystal always
remains metallic. However, a crossover from Drude conductivity (at x = 0.07) along the c-axis to
the hopping one (at x > 0.07) takes place. This is proved by both estimating minimum metallic
c-conductivity and maximum tunneling c-conductivity and quantitatively comparing the measured
dependences ρc(T ) with the ones calculated in the polaron model of quasiparticles’ c-transport.
Recently a lot of interest has been attracted by in-
vestigations of transport properties evolution in high-
temperature superconductors (HTSC) with different
level of doping by oxygen and other substitutional im-
purities; in other words, the dependence upon the num-
ber p of holes per Cu atom in the CuO2 plane. The p
value and the critical temperature Tc of a superconduct-
ing transition in HTSC satisfy the following empirical
relationship1: Tc = Tc,max[1− 82.6(p− 0.16)
2].
Up to now, the narrow band of HTSC phase diagram,
corresponding to the optimal doping (p ≈ 0.16) and max-
imum values of the critical temperature Tc = Tc,max,
is the most studied area. In the normal state of op-
timally doped HTSC the resistivity ρab(T ) of cuprate
ab-planes increases proportionally to temperature, viz.
∆ρab(T ) ∝ T . The resistivity ρc(T ) in perpendicular
direction substantially exceeds the value of ρab(T ) and
also has metallic behavior (both ρab(T ) and ρc(T ) in-
crease with T ). Bi-2212, which is the most anisotropic
HTSC (having ρc/ρab ≈ 10
5 at p ≈ 0.16), represents an
exception: its resistivity ρc(T ) increases as T approaches
Tc (dρc(T )/dT < 0). This Bi-2212 feature agrees with
the estimate of the minimal metallic conductivity in the
c-direction for anisotropic three-dimensional (3D) Fermi
liquid model2:
σ3Dc,min =
√
ρab/ρc ne
2d2/h, (1)
where n ≈ 1021 cm−3 is a 3D carrier concentration, d is
lattice constant along the c-axis, h is Planck’s constant.
In Bi-2212 the conductivity σc = 1/ρc ≪ σ
3D
c,min at T =
Tc, but the other optimally doped HTSC have σc(Tc) >
σ3Dc,min(Tc). The conductivity σc,min in (1) is less than
Ioffe-Regel limit σIR = e
2kF /h for the two-dimensional
(2D) case, i.e., σc,min ≈
√
ρab/ρc σIR d/a ≪ σIR (a ≈
2π/kF is the lattice constant in the CuO2 plane), whereas
σab,min ≈ σIR
2.
A measure of HTSC anisotropy in the superconduct-
ing state is the ratio σ′′ab(0)/σ
′′
c (0) = λ
2
c(0)/λ
2
ab(0), where
σ′′ab and σ
′′
c are imaginary parts of conductivity, λab
and λc are penetration depths of high-frequency field for
currents running in the ab-planes and perpendicular to
them, correspondingly. It is common knowledge that
∆λab(T ) ∝ T at T < Tc/3 in optimally doped high-
quality HTSC and this experimental fact provides strong
evidence for dx2−y2 symmetry of the order parameter in
these materials. However, there is no consensus in litera-
ture about ∆λc(T ) behavior at low temperatures. Even
YBa2Cu3O6.95 (Tc ≈ 93 K), the most thoroughly studied
single crystals, have shown both linear, ∆λc(T ) ∝ T
4,5,6,
and quadratic dependences7 in the range T < Tc/3.
Pseudogap states, appearing at p < 0.16, occupy a
wide band of HTSC phase diagram, which is far less
investigated. Measurements of ac-susceptibility of ori-
ented HTSC powders at T < Tc show
8 that their de-
pendences σ′′c (T )/σ
′′
c (0) have smaller slope at T → 0
than σ′′ab(T )/σ
′′
ab(0) do. The normal state of underdoped
HTSC is characterized by non-metallic behavior of the
resistivity ρc(T ) at T approaching Tc, by deviation of
the resistivity from its linear dependence ∆ρab(T ) ∝ T
and by ρc/ρab ratio rising dramatically with the decrease
of p. A lot of theoretical models have been proposed to
explain these properties, but there is none fully describ-
ing the evolution of the dependences σ′′ab(T ), σ
′′
c (T ) and
ρab(T ), ρc(T ) in the wide range of concentration p and
temperature T . Moreover, the c-transport mechanism is
not defined; in particular, it is not clear if it can be metal-
lic (Drude), or at any p conductivity along the c-axis is
determined by quasi-particles tunneling between cuprate
layers, accompanied by their scattering both within the
layers and between them.
The present paper analyzes the results of anisotropy
measurements and evolution of temperature dependences
of conductivity components in the YBa2Cu3O7−x crys-
tal under varying oxygen doping in the range 0.07 ≤
x ≤ 0.47. The crystal of a rectangular shape, with
dimensions 1.6 × 0.4 × 0.1 mm3, has been grown in a
BaZrO3 crucible. The measurements were made at the
frequency of ω/2π = 9.4 GHz and in the temperature
range 5 ≤ T ≤ 200 K. To change an oxygen content in the
sample, we successively annealed the sample in the air at
2Table I: Annealing temperatures and parameters characterizing doping and the anisotropy of the superconducting and normal
state of YBa2Cu3O7−x.
annealing critical doping λ values ∆λc(T ) ∝ T
α λc/λab
√
ρc/ρab
temperature temperature parameters at T = 0 α at at
T , ◦C Tc, K p x λab, nm λc, µm T = 0 T = 200K
500 92 0.15 0.07 152 1.55 1.0 10 11
520 80 0.12 0.26 170 3.0 1.1 18 18
550 70 0.105 0.33 178 5.2 1.2 29 16
600 57 0.092 0.40 190 6.9 1.3 36 16
720 41 0.078 0.47 198 16.3 1.8 83 35
different T ≥ 500◦ C specified in Table 1. Anisotropy was
measured for each of the five crystal states. According to
susceptibility measurements at the frequency of 100 kHz,
superconducting transition width amounted to 0.1 K in
the optimally doped state (x = 0.07), however, the width
increased with the increase of x, having reached 4 K at
x = 0.47. The temperatures of the superconducting tran-
sition were Tc = 92, 80, 70, 57, 41 K. The whole cycle of
the microwave measurements included the following: (i)
we measured the temperature dependences of the quality
factor and of the frequency shift of the superconducting
niobium resonator with the sample inside in the two crys-
tal orientations with respect to the microwave magnetic
field, transversal (T ) and longitudinal (L); (ii) measure-
ments in the T orientation gave the surface resistance
Rab(T ), reactanceXab(T ) and conductivity σab(T ) of the
crystal cuprate planes in its normal and superconduct-
ing states; (iii) measurements in the L orientation gave
σc(T ), Xc(T ), Rc(T ). See
6 for the details of the measur-
ing technique in the optimally doped YBa2Cu3O6.95 crys-
tal. We have also reported the temperature dependences
of the surface impedance components of YBa2Cu3O7−x
at various x in the short communication9.
Fig. 1 shows the dependences σ′′ab(T )/σ
′′
ab(0) (open
symbols) and σ′′c (T )/σ
′′
c (0) (solid symbols) at T ≤ Tc
for YBa2Cu3O7−x states with Tc = 92 K, Tc = 70 K and
Tc = 41 K. Table 1 contains values of the penetration
depths λab(0) and λc(0) at T = 0. The temperature be-
havior of the dependences σ′′ab(T )/σ
′′
ab(0) does not show
dramatic change at varying p. The optimally doped state
of YBa2Cu3O6.93 features good matching of the tempera-
ture dependences σ′′ab(T )/σ
′′
ab(0) and σ
′′
c (T )/σ
′′
c (0). Only
does the theory of the linear response of an anisotropic
superconductor8 explain this observation. With decreas-
ing p the temperature dependences σ′′c (T )/σ
′′
c (0) at T <
Tc/3 become substantially weaker than σ
′′
ab(T )/σ
′′
ab(0).
The model10 is appropriate for comparison with the
experimental data provided in the present paper. The
model describes the following contributions to the c-
transport of quasi-particles in the superconducting and
normal HTSC states: (a) direct hopping between cuprate
planes and (b) hopping accompanied by inelastic scatter-
ing on phonons, as well as elastic scattering on impuri-
ties lying between planes. The conductivity in the very
cuprate planes is considered to be a Drude one
σab =
e2ν2DDab
d
=
n2De
2τ
md
, (2)
where ν2D = m/πh¯
2 is the 2D density of states, Dab =
v2F τ/2, vF , τ and n2D = k
2
F /2π are the diffusion coef-
ficient, Fermi velocity, relaxation time and the 2D den-
sity of quasi-particles in the ab-plane, correspondingly.
The total Hamiltonian of the electronic system in the
model10 represents a sum of Hamiltonians ofm individual
CuO2 layers,
∑
mHm, and an inter-layer coupling Hamil-
tonian H⊥, which is considered small in comparison with∑
mHm. This resulted in the perturbation theory calcu-
lations to the second order of H⊥ showing that the quasi-
particles transport between neighboring weakly-coupled
layers is analogous to tunneling in the SIS junction at
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Figure 1: The dependences σ′′ab(T )/σ
′′
ab(0) (open symbols)
and σ′′c (T )/σ
′′
c (0) (full symbols) measured for the three states
of the YBa2Cu3O7−x crystal with Tc = 92 K, Tc = 70 K
and Tc = 41 K. Solid and dashed lines stand for the de-
pendences σ′′c (T )/σ
′′
c (0) and σ
′′
ab(T )/σ
′′
ab(0) calculated in
10 for
YBa2Cu3O7−x with oxygen deficit.
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Figure 2: The evolution of the measured ρab(T ) and ρc(T )
dependences in YBa2Cu3O7−x with different oxygen content.
T < Tc and in the NIN junction at T > Tc. In addi-
tion, in the process (a) the electron ab-plane momentum
is conserved (specular tunneling), whereas in the process
(b) is not (diffusive tunneling)11.
The authors of10 used the BCS model with d-symmetry
of the order parameter in CuO2 layers to calculate
anisotropy of the superconducting HTSC state. Fig. 1
represents numerical results, calculated taking into ac-
count both of the processes (a) and (b), for σ′′c (T )/σ
′′
c (0)
(solid line) and for σ′′ab(T )/σ
′′
ab(0) (dashed line). Having
compared this with the experimental data at T < Tc/2
for YBa2Cu3O7−x, with oxygen deficiency x > 0.07, one
can see dramatic decrease in the slopes of the depen-
dences σ′′c (T )/σ
′′
c (0) with the increase of x, as well as
insignificant change of the dependences σ′′ab(T )/σ
′′
ab(0).
The larger slopes of the experimental dependences in
comparison with the theoretical ones at T > Tc/2
may be due to the effects of a strong electron-phonon
interaction3, which are not taken into account in the
model10. The dashed line in the Fig. 1 also coincides with
the dependence σ′′c (T )/σ
′′
c (0), calculated in
10 in the ab-
sence of diffusive tunneling (b), when the specular tunnel-
ing process (a) along the c-axis becomes identical to the
c-transport in the 3D superconductor. This exceptional
case corresponds to the optimally doped YBa2Cu3O6.93.
The real and imaginary parts of the surface impedance
of the YBa2Cu3O7−x crystal, measured for each value of
x in the Table 1, were found to coincide at T > Tc
9:
Rab(T ) = Xab(T ), Rc(T ) = Xc(T ). Therefore, the re-
sistivities ρab(T ) and ρc(T ) were found from Rab(T ) and
Rc(T ), applying the usual formulas of the normal skin
effect: ρab(T ) = 2R
2
ab(T )/ωµ0, ρc(T ) = 2R
2
c(T )/ωµ0.
Fig. 2 shows the evolution of the dependences ρab(T ) and
ρc(T ) in the range Tc < T ≤ 200 K with the change of x.
The last column in Table 1 contains (ρc/ρab)
1/2 values
at T = 200 K. Only the optimally doped YBa2Cu3O6.93
shows that both dependences ρab(T ) and ρc(T ) have
a metallic behavior, and the ratio ρc/ρab approaches
the anisotropy of effective masses of charge carriers
mc/mab = λ
2
c(0)/λ
2
ab(0) in the pure 3D London super-
conductor, which type YBa2Cu3O6.93 belongs to. The
other states of YBa2Cu3O7−x with lower concentration
of holes have the resistivity ρc(T ) increase with the de-
crease of temperature, which shows its non-metallic be-
havior. Fig. 3 represents the experimental dependences
σc(T ) compared to the values of σ
3D
c,min, calculated using
the formula (1) for the three states of the YBa2Cu3O7−x
crystal with Tc = 92 K (dashed line), Tc = 70 K (dotted
line) and Tc = 41 K (dash-dotted line). It is only the c-
axis conductivity of YBa2Cu3O6.93 that exceeds the min-
imum metallic value of σ3Dc,min in the whole temperature
range.
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Figure 3: The symbols show for the experimental σc(T ) de-
pendences in three states of YBa2Cu3O7−x at Tc = 92 K,
Tc = 70 K and Tc = 41 K. The dashed, dotted and dash-
dotted lines stand for the values of σ3Dc,min(T ), corresponding
to these states and obtained from the formula (1) using the
measured ρab(T ) and ρc(T ) in Fig. 2. The solid line rep-
resents calculations of σc(T ) using the formulas from
10 for
YBa2Cu3O6.67.
4Thus, it is natural to assume that as well as in the su-
perconducting state of YBa2Cu3O7−x, a slight decrease
in the carriers concentration (in comparison with the op-
timal level) in the normal state results in the crossover
from 3D metallic conductivity to 2D Drude conductiv-
ity in CuO2 layers and tunneling conductivity between
these layers (the crossover 3D-2D). To analyze this as-
sumption, the model10 again proves to be appropriate.
If t⊥ is the interplane hopping matrix element, the c-
conductivity of quasi-particles in the process (a) will be
as follows10,11,12,13:
σdirc = 2e
2τν2D
(
t⊥
h¯
)2
= 4σab
(
t⊥d
h¯vF
)2
, (3)
where 2τ(t⊥/h¯)
2 is the intensity of the direct tunneling
between neighboring CuO2 layers, σab is the conductivity
(2) in these layers. For this case the typical hopping time
h¯/t⊥ significantly exceeds the relaxation time τ in the
plane11: h¯/t⊥ ≫ τ . The opposite limit h¯/t⊥ ≪ τ cor-
responds to Drude conductivity in all three directions,
as in an anisotropic 3D metal. When h¯/t⊥ ≈ τ , a
crossover takes place. The maximal value of tunneling
c-conductivity σdirc,max = 2σIR
√
ρab/ρc from (3) is then
reached, which is approximately equal to the minimal
metallic conductivity σ3Dc,min from (1). In the case of dif-
fusive tunneling of quasi-particles (processes (b) in the
model10), conductivity along the c-axis equals11,14
σdiffc =
e2ν2DDc
d
=
e2ν2Dd
τc
, (4)
where Dc = d
2τc is the diffusion coefficient and 1/τc
is the probability of scattering between cuprate planes.
As in the previous case, at τc ≈ τ we find σ
diff
c,max =
σIR
√
ρab/ρc ≈ σ
3D
c,min, and from (2) and (4) we obtain
another representation of the 3D-2D transition criterion:
σc,maxσab ≈
n2D
π
(
e2
h¯
)2
. (5)
At n2D = n/d ≈ 10
14 cm−2 the formula (5) demon-
strates that the crossover 3D-2D appears when the value
of ρcρab ≈ 10
−6 (Ω·cm)2 is reached. The data in the
Fig. 2 gives ρcρab <∼ 10
−6 (Ω·cm)2 at x = 0.07 only, which
confirms that the 3D anisotropic Fermi-liquid model is
applicable to explaining the properties of the optimally
doped YBa2Cu3O6.93.
Two temperature dependences, with distinction of
kind, of the c-conductivities at T ≥ Tc are followed from
the formulas (3) and (4): for the case of the direct tun-
neling, σdirc (T ) ∝ σab(T ) rises with the increase of τ(T )
at T approaching Tc, while σ
diff
c (T ) falls with the in-
crease of τc(T ). According to the model
10, the total
conductivity σc along the c-axis equals the sum of the
conductivities, which are in turn determined by each of
the above processes, (a) and (b). In the vicinity of Tc,
it is scattering of quasi-particles on impurities, lying be-
tween cuprate planes, that determines σdiffc , which is not
temperature dependent, as long as another contribution
to σdiffc , arising due to interaction with phonons, van-
ishes with temperature decrease. Vice versa, at T ≫ Tc
the phonon contribution becomes prevailing. Thus, we
have the following approximate temperature dependence
for the conductivity σc(T ): A/T + C +BT (A,B,C are
temperature independent), which does not allow for our
experimental data (the solid line in Fig. 3 represents an
example of calculating σc(T ) using formulas from
10 for
the sample YBa2Cu3O6.67.
However, very recently another c-transport model was
proposed15, well describing all the dependences ρc(T )
shown in Fig. 2. Unlike10, where the effects of inter-
action with phonons appear in the second order of the
perturbation theory, in the model15 the Hamiltonian
allows for these effects accurately through a canonical
transformation16; it is only after this interplanar tunnel-
ing of quasi-particles is considered as a perturbation of an
electron-phonon system, which was strongly coupled ini-
tially. Such consideration is applicable if ǫF ≫ ω0 ≫ t⊥,
where ǫF is Fermi energy, ω0 is a typical phonon energy.
Both inequalities hold for layered anisotropic HTSC,
where according to15 in the c-direction an electron is
surrounded by a large number of phonons, forming a
polaron17 which influences the transversal ab-transport
weakly. The following analytic expression was obtained
in15 for Einsteinian spectrum of c-polarized phonons in
the temperature range T ∼ ω0:
ρc(T ) ∝ ρab(T )
exp[g2 tanh(ω0/4T )]√
sinh(ω0/2T )
, (6)
where g is a parameter characterizing strength of
electron-phonon interaction, g > 1. Fig. 4 represents
our result of comparing experimental dependences ρc(T )
(symbols) and those calculated from (6) (solid lines).
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Figure 4: Comparison of the experimental dependences ρc(T )
in YBa2Cu3O7−x (symbols) and those calculated from (6)
(solid lines).
5To calculate them, we used ρab(T ) data in Fig. 2; g
was almost the same for all the dependences in Fig. 4:
g ≈ 3; ω0 increased from 110 K (75 cm
−1) to 310 K
(215 cm−1) when the oxygen content (7 − x) was de-
creased in YBa2Cu3O7−x from 6.93 to 6.53. In this con-
nection, it seems quite natural to observe the anomalies
of optical c-conductivity of YBa2Cu3O7−x crystals with
oxygen deficiency in this frequency range18.
Thus, this paper represents the measurements of
anisotropy of microwave conductivity of YBa2Cu3O7−x
crystal, having varied the holes concentration p in the
range 0.08 ≤ p ≤ 0.15. Having analyzed temperature de-
pendences of imaginary parts of the conductivity tensor
σˆ′′(T ) in the superconducting state and the resistivity
ρˆ(T ) in the normal state, we have demonstrated that
the optimally doped YBa2Cu3O6.93 is a tree-dimensional
anisotropic metal. Decrease of carriers concentration in
it results in the crossover from Drude c-axis conductiv-
ity to the hopping one. Moreover, to quantitatively de-
scribe the evolution of the dependences σ′′c (T ) and ρc(T )
at varying p, it is necessary to allow for the effects of
strong electron-phonon interaction.
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